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Abstract 

Starting from the standard supertwistor realizations for conformally com- 
pactified AA-extended Minkowski superspaces in three and four space-time di- 
mensions, we elaborate on alternative realizations in terms of graded two-forms 
on the dual supertwistor spaces. The construction is further generalized to 
the cases of 4D M = 2 and 3D AA-extended harmonic/projective superspaces. 
We present a superconformal Fourier expansion of tensor superfields on the 4D 
A" = 2 harmonic/projective superspace. 



Contents 



1 Introduction 

2 Compactified 4D Minkowski space 

2.1 Dirac's realization in d space-time dimensions 

2.2 Twistor realization 

2.3 Bi-twistor realization 



4 Compactified 4D J\f = 2 harmonic/projective superspace 

5 Compactified 3D Minkowski space 

5.1 Twistor realization 

5.2 Bi-twistor realization 



6 Compactified 3D Minkowski superspace 

6.1 Supertwistor realization 

6.2 Bi- supertwistor realization 



a 



3 Compactified 4D Minkowski superspace 

3.1 Supertwistor realization Q 

3.2 Bi-supertwistor realization [lo| 



12 



15 



16 



17 



18 



1^ 



19 



7 Compactified -extended harmonic/projective superspaces in three 
dimensions 

8 Conclusion 

A Spinors in 4 -|- 2 dimensions 



21 



22 



23 



1 Introduction 

Two years ago, Steven Weinberg [Ij argued that the use of Dirac's projective light- 
cone realization for compactified four- dimensional (4D) Minkowski space [2] greatly 



1 



simplifies the calculation of Green's functions in conformally-invariant field theories 
(see also [3]). Clearly, this was not the first paper in which ((i+2) -dimensional methods 
were used to study conformal theories in d dimensions, see, e.g., |11 l5l 161171 181 191 ITOl ITT] . 
Nevertheless, Weinberg's work has stimulated some renewed interest in Dirac's con- 
struction [2] and its implications. In particular, Ref. [12] considered a 4D JV = 1 su- 
persymmetric extension of the projective lightcone formalism of [2|. A generalization 
of [12] to the case Af > 1 was attempted in [13]. Specifically, Refs. [12l[13] suggested 
to describe conformally compactified TV-extended Minkowski superspace, M^'^, in 
terms of graded two-forms on the dual supertwistor space. Here we demonstrate how 
to derive such a description starting from the standard supertwistor realization for 
M^l^, see [13] and references therein. Our discussion is more complete and differs in 
some details. 

We also present a new realization for compactified 4D M = 2 harmonic/projective 
superspace building on the formulation given in [IT]. Finally, we generalize our con- 
struction to the case of conformally compactified 3D TV-extended Minkowski super- 
space M^l^-^ and its harmonic/projective extensions [15] (see [16] for an alternative 
construction) . 

This paper is organized as follows. Section 2 is devoted to non-supersymmetric 
warm-up exercises. Here we describe three different realizations for conformally com- 
pactified Minkowski space in four dimensions, M'*, and prove their equivalence. In 
section 3 we start by recalling the standard supertwistor realization for M^'^. Then 
we introduce a novel bi-supertwistor realization for M^'^. After that we prove the 
equivalence of these two realizations. Section 4 is devoted to a new realization for 
compactified 4D TV = 2 harmonic/projective superspace, M^'^ x CP^. In sections 
5 to 7, we generalize the construction to three space-time dimensions. Concluding 
comments are given in section 8. The main body of the paper is accompanied by a 
technical appendix devoted to spinors in 4 + 2 dimensions. 

2 Compactified 4D Minkowski space 

In this section we describe three different realizations for conformally compactified 
Minkowski space in four dimensions. 
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2.1 Dirac's realization in d space-time dimensions 



We start by recalling the projective light cone formalism of [2] (see also Weyl's 
book [T7]). Consider a flat space M'^'^ parametrized by Cartesian coordinates 



= {X'',X'^^\X'^-^^) , a = 0,l,...,d-l (2.1) 

and endowed with the metic ?7-g = diag(— 1, +1, . . . , +1, — 1). Let us inroduce the 
cone C in R"^'^ defined by 

rj^^X^X' = . (2.2) 

The space of all straight lines belonging to C and passing through the origin of M"''^ 
is known as Dirac's conformal space [2j or compactified Minkowski space, M'^. It can 
be defined as the quotient space of C — {0} with respect to the equivalence relation 

X^ ~ AX" , A G R - {0} (2.3) 

which identifies all points on a straight line in R*^'^. The conformal group in d dimen- 
sions, 0{d, 2)/Z2, with Z2 = {±1^+2}, naturally acts on M'^. It may be seen that M'^ 
is a homogeneous space of the connected conformal group, which is SOo(ci, 2) if d is 
odd and SOo((i, 2)/Z2 if d is even. 

It follows that the global structure of M'^ as a topological space is 

M'^ = {S'^-^ X S^)/Z2 . (2.4) 

Indeed, the constraint (12. 2p and the 'gauge' freedom (12. 3p can be used to choose X- 
such that 

d-i 

{Xy + (X'^+2)2 = Y,iX'f + (X'^+i)2 = 1 . (2.5) 

i=l 

For such a choice, the equivalence relation ( 12. 3 p still allows us to identify X" and —X"-, 
which is the reason for Z2 in (12.41) . In four dimensions, is the same topological 
space as the group manifold U(2). In three dimensions, can be identified with 
U(2)/0(2). 

Minkowski space M°' = R"'^^'^ can be identified, e.g., with the open dense domain 
of M'^ on which X'^+^ + X'^^^ 7^ 00 This domain can be parametrized by variables 



^The closed subset C3 M'' - M'' can be identified with a lightcone in R'*~i'^ Indeed, the 

1 ]_^ 

2' 2' 



points of C3 can be uniquely parametrized by (D + 2)-vectors of the form X"- = (z°, — i, i), where 



z° e W-^'^ is null, z°-Za = 0. 
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which are invariant under the identification (12. 3p . In terms of these coordinates, one 
obtains a standard action of the conformal group in M*^. Thus can be identified 
with Cartesian coordinates for Minkowski space. 

In the remainder of this section our consideration is restricted to the case d = 4. 



2.2 Twistor realization 

Here we recall the so-called twistor realizatiorj^ of compactified Minkowski space 
as the set of null two-dimensional subspaces in the twistor space, C^, equipped 
with the inner product 

{T,S)=T^nS, n= , (2.7) 

for any twistors T, S G C. The components of a twistor T and its dual T := T'^fl 
are denoted as 

T = (T,) = j , f= {f^) = (/^^ /,) . (2.8) 

By construction, the inner product (12. 7p is invariant under the action of the group 
SU(2, 2) which is the two to one covering of the group S0o(4, 2), which in turn is the 
two to one covering of the connected conformal group, S0o(4, 2)/Z2. The elements 
of SU(2, 2) will be represented by block matrices 

9 = {9J)= (^^^c'd) ^S'-(4,C) , 9^n9 = ^, (2.9) 

where A,B,C and D are 2x2 matrices. Under the action of SU(2, 2), the twistor 
and its dual T" transform as follows: 

^ gjT^ , f" ^ f^g-')^'' . (2.10) 

These two representations are inequivalent. 

We denote by the space of null two-planes through the origin in C^. Given 
such a two-plane, it is generated by two linearly independent twistors, = (T^, T^), 
subject to the null conditions 

(jf^^T") =f^'T'' = , /i,z/=l,2. (2.11) 



^This realization has been known since the 1960s, see [T51 [121 HSl [H] and references therein. 



4 



The basis chosen, {T^}, is defined only modulo the equivalence relation 

{T^} ~ {T'^} , T^ = T''C/, CgGL(2,C). (2.12) 

The two bases, {T^} and {T^}, define one and the same two-plane in C^. 

Minkowski space, = M^'^, can be embedded into as a dense open subset. 
Consider the open domain of consisting of those null two-planes which have the 
form 

{nn= (^^ij , det{F^n^O. (2.13) 

Then, choosing C = in (12.12^ and making use of the null condition ( 12. lip leads 
to the basis 

{Ts^n =(^_.li^ ' ■■= ^™(^-)"^ , = (x'")* . (2.14) 

The group element (12. 9p acts on x = (x"^) by the fractional linear transformation 

x' = {C + Dx){A + Bxy\ (2.15) 

which is a standard conformal transformation in Minkowski space M^. Therefore the 
open domain of introduced can indeed be identified with Minkowski space. 

Let us show that is equivalent to the compactified Minkowski space introduced 
in the previous subsection. Using the two twistors T'^, which describe a point in M^, 
we define the following 4x4 matrix: 

:= TcI^Tj^e^y , e^y = —e^fj, , £12 = —1 . (2-16) 

This matrix is antisymmetric, 

% = -y^^a , (2.17) 

and defined modulo the equivalence relation 

Y^^ cY^0, c = det{CJ) G C - {0} . (2.18) 
It is characterized by the algebraic properties 

>^[^^% = ^ Y[a^Y^s]=0- (2.19) 
Using the dual twistors T, we can define 

:= Ef^^f'^^T''^ . (2.20) 
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The matrices Y = (Y^^) and Y = (Y"^^) are related to each other as follows 

F = -QY^Q . (2.21) 
As a consequence of fl2.1ip . we have 

y"^y.^ = . (2.22) 



y» := -{^n^^Y^^ , Y' := t(S")^/^^ , (2.23) 



Introduce six-vectors Y'^ and defined by 

-(s")..r'^^ , := -( 

with F"/^ := ^e^^^^^^. These six- vectors are mutually null, 

VaiX'Y' = VaiY'Y' = VaiY'Y' = . (2.24) 

The first two relations follow from (IA.36p . while the third is a consequence of fl2.22p . 
Moreover, it follows from fl2.22p that 

Y'y\e,^)^' = 0, (2.25) 

and therefore the mutually conjugate six-vectors Y"- and = (F")* are linearly 
dependent. This means that 

ya ^ gi<^j^a ^ _ ^-i^X^ , G M , (2.26) 

for some real null six- vector X". By construction, X" is defined modulo the equiva- 
lence relation (12. Sp . In summary, we have defined an injectiv^ map F : — )■ M^. 
This map is in fact onto, and therefore one-to-one. To prove this, we associate with 
X°' the antisymmetric matrix 

X^^ := X'^(Sa)^^ . (2.27) 
For its conjugate X = (X"^) defined according to fl2.2ip we obtain 

X&0 = ^e^P't^x^^ = X"^ . (2.28) 

The matrices X^^ and X"'^ obey the properties (I2.19p and (I2.22p . It turns out that 
X^0 defines a null two-plane in C^. This follows from the discussion below. 



■^For completeness, we prove that the map F is injective. Suppose this is not true and there exist 
two different two-planes that are mapped by D to the same point of M*. Then we can choose the 
bases = (T, S) and T''' = (T', S') for the two-planes under consideration such that TAS = T'AS' 
(here we think of Y^^ defined by (|2.16l) as an element of A'^C^). Let us introduce a basis for 
consisting of and two additional vectors W^. Without loss of generality, we can choose T' and 
S' such that T' = T + t^W^ and S' = S + s^W^^ , for some complex parameters and s^. Now, 
since and W^^ are linearly independent, the condition T A S ~ T' A S' tells us that t^ = s^ — 0. 
As a result, T'' and T'^ define one and the same two-plane, which contradicts the assumption. 
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2.3 Bi-twistor realization 



There exists an alternative realization for M^. Let us denote by L the set of 
all non-zero complex antisymmetric matrices Y^-^ = —Y^^ which obey the algebraic 
constraints 

Yiaf^Y^s] = , ^ (2.29a) 
Y^^'Y^^ = , Y := -ilY^n . (2.29b) 

We introduce the quotient space = £/ ~, where the equivalence relation is 

defined by 

Y^^ - cY^p. cgC-{0}. (2.30) 

We will show that M^rp can be naturally identified with M^. 
It follows from fl2.29ap that Y^^ is decomposable, that is 

Yg^p = TaS^ — Tj^Sa , (2.31) 

for some linearly independent twistors Tq, and Sa, see e.g. [21] for the proof. Now, 
eq. (]2.29bp is equivalent to 

Y^%^ = f''{{S,T)S^ - {S,S)T^} + S^{{T,S)T^ - {T,T)S^} = . (2.32) 

Since T" and 5^" are linearly independent dual twistors, the expressions in figure 
brackets must vanish. Since T^, and Sa are linearly independent, we conclude that 

(T, T) = {S, T) = (T, S) = (^, S) = , (2.33) 

and therefore the two-plane in associated with and Sa is null. We finally choose 
= (T, S). 

3 Compactified 4D Minkowski superspace 

Supertwistor space C^'-'^ was introduced by Ferber [22] as a supersymmetric ex- 
tension of the twistor space. The elements of C^'^ are called supertwistors. We use 
capital boldface letters, T, S, . . . , to denote supertwistors, for instance 



T = {Ta) = 
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The supertwistor space is equipped with the inner product 

V -Iat/ ^ 

This inner product is invariant under the A/'-extended superconformal group SU(2, 2|A/') 
spanned by supermatrices of the form 



g = (gA^) G SL(4|Ar) 
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^ng = n . 



Associated with a supertwistor T, eq. f l3.ip . is its dual 



T := T^n = (T 
The superconformal group acts on and as follows: 



(3.3) 



(3.4) 



(3.5) 



3.1 Supertwistor realization 

In complete analogy with the bosonic construction described in the previous sec- 
tion, compactified Minkowski superspac ^ M^l^ is defined to be the space of null 
two-planes through the origin in C^'-^ [23] . Given such a two-plane, it is generated by 
two supertwistors = {Ta '^), with /i = 1, 2, such that (i) the bodieCl of Ta ^ and 
T5, ^ are linearly independent twistors; and (ii) these supertwistors obey the equations 

(T^,T'^) = T^T'^ = , /i,i/ = l,2. (3.6) 

The basis chosen, {T^}, is defined modulo the equivalence relation 

{T'^} ~ {t^} , t^ = T''C/, CgGL(2,C). (3.7) 

The two bases, {T^} and {T }, define one and the same two-plane in C^'-^. It may 
be shown that M^l^ is a homogeneous space of SU(2, 2\J\f). 

The standard A/'-extended Minkowski superspace, M*^'^ or more traditionally 
M^l*^, can be identified with a certain open domain of M^'^ on which the upper 
2x2 matrix block of the supermatrix 



(TAn 



(3.8) 



^The case Af — 4 is known to be somewhat special. Since off-shell supersymmetric theories exist 
for Af = 1,2,3, here we do not dwell on the special features of A/" = 4. 

^See [24] for the necessary information about infinite dimensional Grassmann algebra Aqo- 
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is non-singular. The freedom to choose the basis, eq. (13. 7p . can be used to fix 
Ta'^ = 6a ^- In this gauge, the supermatrix [T^^) takes the form have 



• a/3 

-IX J: 



Xj^'^ '. — X,(7m ^ ■ (3-9) 



Due to (13. 6p . the bosonic x+ = {x'^) and fermionic 6 = {6i^) variables obey the 
reality condition 

x+-x_ = 4:ie^ e , = (5+)^ (3.10) 

It is solved by 



X 



= x^^ ± 2i r^^f , = {9^y , x^ = x , (3.11) 



with z = (x", 9\ ) the coordinates of TV-extended Minkowski superspace M^l^. We 
see that the supertwistors in the Minkowski chart (13.91) are parametrized by the chiral 
coordinates and 6'^. More details on the supertwistor construction for M^''^ can 
be found, e.g., in 



We can elaborate on implications of the construction presented. Using the two 
supertwistors T^, which describe a point of M*^'^, we define the following supermatrix 

Yab '■= T A^T B^e^y , e^y = —e^^ , £12 = —1 . (3-12) 

It is graded antisymmetric, 

Yab = -{-IY^^'^Yba , (3.13) 
and defined modulo the equivalence relation 

Yab cYab, c = det{Cj) G C - {0} . (3.14) 
The important property of this supermatrix is 

YiabYc}d = m YiabYcd}=0, (3.15) 

where [...} denotes the graded antisymmetrization of indices. 

It should be emphasized that the supermatrix Yab defined by (I3.12p is non-zero, 
and so is the body of its bosonic block Y^j^. This follows from an easily verified 
statement: if Ta and Sa are two supertwistors such that the bodies of Tq, and Sa 
are non-zero, then it holds that 

T[aSb} = ^ Ta = XSa. (3.16) 
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If the bodies of Tq and Sa vanish, however, it is easy to construct two supertwistors 
Ta and Sa such that T^aSb} = but Ta 7^ XSa for any A. 

In the Minkowski chart, choosing the gauge ( 13. 9p gives 







i x_|_Q, ^ 




Yab — 


ix+°/3 




- 2ix+"^^^j 




v 


2i 





(3.17) 



Using the dual supertwistors allows us to define another supermatrix 



The supermatrices Y = iY ab) and Y = iY ) are related to each other as 

Y = -riY^n . (3.19) 

where the definition of is the same as for ordinary matrices. The null conditions 
(13. 6 p give 



(3.18) 



CB 



(3.20) 



3.2 Bi-supertwistor realization 

We give an alternative realization of compactified Minkowski superspace M^'^. 
In the space of all complex graded antisymmetric matrices, Y ab = —{—^Y'^'^'^Yba, 
we consider a surface £ consisting of those supermatrices which obey the algebraic 
constraints 



Y[abYcd} = 
Y^'^YcB = 



(3.21a) 
(3.21b) 



and satisfy the following condition: for each supermatrix Y E 2, the body of its 
bosonic block Y^^ defined by 



(3.22) 
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is a non-zero antisymmetric 4x4 matrix. Our goal is to show that the superspace 
M'^l^ can be identified with the space of equivalence classes in £ with respect to the 
equivalence relation 



AB 



cYab , ceC-{0}. (3.23) 



It is natural to think of Yab as a graded two-form on the dual supertwistor space. 

Let us first demonstrate that eq. f l3.21al) implies that Yab is decomposable pro- 
vided the body of Y^^ is non-zero. This means that Yab can be represented as 

Yab = TaSb - {-IY^'^TbSa , (3.24) 

for some supertwistors Ta and Sa- It follows from eq. (13. 2 lap that 

T[aYbc} = , (3.25) 

where Ta '■= V^Yba, for any dual supertwistor V^. Since the body of Y^^ is non- 
zero, it is possible to choose such that the body of T,^ is non-zero. The properties 
of Ta and Yab are such that we can apply a generalization of Cartan's lemmajj This 
generalization states that the condition f l3.25p implies the validity of f l3.24p . for some 
supertwistor Sa such that the body of Sa is non-zero. It is clear that the bodies of 
and Sa are linearly independent twistors. Since Yab is defined modulo arbitrary 
re-scalings, eq. f l3.23p . one can see that the two supertwistors T^ := (T,S) are 
defined modulo the equivalence relation (13. 7p . 

Starting from the graded antisymmetric supermatrix (I3.24p . we introduce its con- 



jugate Y^^ , eq. (I3.19p . and compute the left-hand side of fl3.21bp . Then eq. fl3.21bp 



becomes equivalent to 

Y''''Ycb = T^{{S,T)Sb - {S,S)Tb] 

+ 5^{(T, S)Tb - {T,T)Sb] = . (3.26) 

Since the bodies of T" and S" are linearly independent, we conclude that the two 
expressions in figure brackets must vanish. Since the bodies of and Sa are linearly 
independent, we end up with the null conditions 

(T, T) = (T, S) = (5, T) = {S,S) = . (3.27) 



^For completeness, we recall the formulation of Cartan's lemma, see e.g. [3T1[3S]. Consider a 
finite dimensional vector space V. Let lo e A^V be a p-vector, and if £ V he a non-zero one-vector 
such that (fi Auj = 0. Then there exists a (p — l)-vector 77 such that ui = (p At]. 
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As a result, we have demonstrated that the bi-supertwistor reahzation introduced is 
completely equivalent to the standard supertwistor realization of M"^'^ described in 
the previous subsection. 

The constraints (13.2 lal) and ( ]3.21bl) for M = 1 were identified in the third version 
of [l2] . Ref . [I3] closely followed the first version of [12] and did not provide the correct 
constraints. The constraint (13. 2 lap and a considerable part of the bi-supertwistor 
construction for general TV, including eq. f l3.17p . were known to Siegel in the mid 1990s 
[311 [32] . The equivalence between the supertwistor and bi-supertwistor formulations 
was not proved in [121 EH [32] . 



4 Compactified 4D J\f = 2 harmonic/projective su- 
perspace 

As is well known, all A/" = 2 supersymmetric theories in four dimensions are 
naturally formulated in the superspace M^'^ x CP^ introduced for the first time by 
Rosly [26]. Depending on the specific superfield methods employed to construct off- 
shell M = 2 supersymmetric theories, this superspace is called harmonic [271 [28] or 
projective [29] [30]. Here we start by describing the conformally compactified version of 
M^l^xCP^ following Ref. [H] which built on the earlier pubhcations [331 [31 [35] . After 
that we introduce a new bi-supertwistor realization for this compactified superspace. 

Ordinary supertwistors introduced by Ferber [22], 

iTA)={'^A , (4.1) 




are characterized by the following Grassmann parities of their components: 

e(T^) = tA={ ^ . . . (4.2) 
1^ 1 A = I 

Such supertwistors are often called even. One can also consider odd supertwistors, 

(Sa)= (^I'j , (4.3) 

with opposite Grassmann parities 

e(HA) = l + eA (mod 2) . (4.4) 
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Both even and odd supertwistors should be used [33l [M] in order to define harmonic- 
hke superspaces in extended conformal supersymmetry. 

Now, we accompany the two even supertwistors T^, which occur in the construc- 
tion of the compactified N = 2 superspace M^l^, by an odd supertwistor 3 such 
that the body of Hj is non-zero. These supertwistors are required to obey the null 
conditions 

iri<,^T'') = {T^,'E)={) , fi,iy = l,2, (4.5) 
and are defined modulo the equivalence relation 



(H,T^) 





G GL(1|2) 



(4.6) 



with pi, anticommuting complex parameters. The superspace obtained can be seen 
to be M^is X CP\ It is a homogeneous space of SU(2, 2|2). 

To understand the global structure of the superspace introduced, it is convenient 
to restrict our consideration to its Minkowski chart defined the same way as in the 
previous section. The freedom to perform equivalence transformations (14.61) allows us 
to choose and H to look like 



a 

«/3 



—IX 



( \ 



v,eC^- {0} . (4.7) 



The isotwistor Vi is defined modulo the equivalence relation 

Vi ^ dvi , deC-{0} . (4.8) 

This shows that the superspace under consideration is indeed M^'^ x CP^. 

We are in a position to formulate a bi-supertwistor realization for M^'^ x CP^. It 
is given in terms of complex variables (Y ab,'^a), where Yab obeys the conditions 
given in subsection 13. 2[ while H is an odd supertwistor such that (i) the body of Hj 
is non-zero :l| and (ii) H obeys the condition 



1 £^B 



. 



The variables (Yab,'^a) are defined modulo the equivalence relation 



^A.Y 



AS 



("^'a' Y ab) 



{'Ea.Y 



d 







AC) 



(4.9) 



(4.10) 



B 



^This condition implies that the body of h'^Hc is non-zero, that is (h'^Hc) ^ is wcU defined. 
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where c,d E C — {0}, and p"" is an odd dual supertwistor. 
Let us introduce a superfield of the general form (n > 0): 

$W {Y, Y, 5,5) = ^ ^ ^ ^i,,...^/"-^"-^'' {Y, Y) 5^„^, . . . 5^, , (4.11) 
fc=0 (-^ ^c)'' 

where the Fourier coefficients ^Bi...Bk^^ '^"'''''{Y,Y) have the following properties: 

(i) they are homogeneous functions of "K's and their conjugates, 

^b,...b/'-''"^'{cY,cY) = c-^c-^$b,...b/^-^"+^(1^,1^) , (4.12) 
for some parameter A and A; 

(ii) they are graded antisymmetric in their A-indices and separately in their S-indices, 

^>b,...b/^-^"+'=(^, Y) = Y) ; (4.13) 

(iii) they are tensors at the point (Y, Y) of M^'*, that is 

^''''$db,...b/^-^"+H^,>^) = , (4.14a) 
^b^...b/'-^-+'-'''{Y, Y)Yoc = . (4.14b) 

These tensor conditions guarantee that $'^"'^(1^, "K, S, S) changes under the equiva- 
lence transformation (I4.10p as follows: 

$(")(r',r',H',H') = c/"c-'^c-^<l>(")(r,r,H,H) . (4.15) 

Eq. (14. lip defines a superconformal Fourier expansion. Without loss of generality, 
the Fourier coefficients in fl4.1ip can be subject to an irreducibility condition that a 
super-trace of any A-index with a 5-index vanish. 

It should be mentioned that there exist two more equivalent realizations for the 
superspace M^'^ x CP^, which will be referred to as Type A and Type B formulations. 
Both realizations are given in terms of complex variables {Yab, 3^, S^), where Yab 
obeys the conditions given in subsection 13. 2[ while 3 and S are odd supertwistors 
such that (i) the bodies of Hj and Sj are non-zero; and (ii) H and E obey the null 
conditions 

Y'^^Eb = , Y^^-Eb = ; (4.16) 

(iii) the odd supertwistor H is defined modulo arbitrary equivalence transformations 
f l4.10p . The two realizations differ in additional conditions (iv) and (v) imposed on 
S. Let us describe these conditions. 
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In Type A formulation, the odd supertwistor S is required to (iv) obey the addi- 
tional null condition 

S^'Hb = ; (4.17) 

as well as (v) be defined modulo the equivalence relation 

~ E'^ = f^A + Yac^"" , (4.18) 

where / G C — {0}, and kP is an arbitrary odd dual supertwistor. It follows that the 
bodies of Sj and Sj are linearly independent. One can see that no additional degrees 
of freedom are associated with S. 

In Type B formulation, the odd supertwistor S is such that (iv) the bodies of 
Hj and Sj are linearly independent; and (v) S is defined modulo the equivalence 
relatioij^ 

Y.A ~ S'a = /Sa + ^7 + Yac^"" , (4.19) 

where / G C — {0}, (7 G C, and kP is an arbitrary odd dual supertwistor. As in the 
previous case of Type A formulation, no degrees of freedom are associated with S. 
Type B formulation is the bi-supertwistor version of the so-called harmonic realization 
for M^is X CP^ introduced in Hi]. 



5 Compactified 3D Minkowski space 

In the remainder of this paper, we present three-dimensional analogues of the four- 
dimensional results discussed in sections 2 to 4. The (super)twistor realizations for 
3D compactified Minkowski space and its supersymmetric extensions were developed 
in [15]. Here we will build on the constructions presented in [15]. The interested 
reader is referred to that paper for more details, including the spinor conventions in 
3 + 2 dimensions. 

^If the equivalence relation (|4.19p is replaced by (|4.18p . then we end up with a space M^l* xT*CP-^, 
where T*CP^ denotes the cotangent bundle of CP^ . One can think of T*CP^ as the complexification 
of CP^ . The importance of superspace R**!* x T*CP^ in the context J\f — 2 supersymmetric sigma 
models has recently been emphasized by Butter [55] . 
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5.1 Twistor realization 



Consider a symplectic four-dimensional real vector space. We can think of it as 
equipped with a skew-symmetric inner product: 

{T\S)j:=T^JS^T^j''^S^ = -{S\T)j, J={r^)= (^_°^ I , (5.1) 
for any vectors T,S By construction, this inner product is invariant under the 



any 



groupu Sp(4,]R). We refer to this vector space as the 3D twistor space. Its elements 
T,S are called 3D twistors. 

The elements of the group Sp(4, M) can be represented by 4 x 4 block matrices 
^?=(^7/) = (^^^^^j gSL(4,M), 9^J9 = J . (5.2) 

where A, B, C and V are 2x2 matrices. The symplectic group Sp(4, R) is the two to 
one covering of the connected component, S0o(3, 2), of the conformal group in three 
dimensions. A twistor looks like 

T={W=({l] , (5.3) 



h 

with the two-component vectors /„ and h"' being real commuting 3D spinors. 

A Lagmngian subspace of the twistor space is defined to be a maximal isotropic 
vector subspace of W^. Such a subspace is necessarily two-dimensional. We denote 
by M|. the space of all Lagrangian subspaces of W^. One can show that Wl^ is a 
homogeneous space of the group Sp(4, M) and has the structure 

M| = U(2)/0(2) , (5.4) 

see, e.g., [151 [37] for technical details. 

Conformally compactified 3D Minkowski space can be identified with M.^. Indeed, 
given a Lagrangian subspace, it is generated by two linearly independent twistors T^, 
with /i = 1,2, such that 

{T'\T')j = 0. (5.5) 
Obviously, the basis chosen, {T^^}, is defined only modulo the equivalence relation 

{T^} ~ {T'^} , f^' = T''R^^', i?GGL(2,M). (5.6) 



'This group was denoted Sp(2,K) in [T5] . 
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M 





-aM 





Minkowski space = M^'^ can be identified with an open dense subset of M^;. 
consisting of those Lagrangian subspaces which are described by 4 x 2 matrices of the 
form: 

iT.n=(^^C)^ detF^O. (5.7) 

In accordance with the equivalence relation (15.61) . we can choose F = I2. Then the 
null condition gives 

(TA^)=^^'j, = X = (x"^) G Mat(2, M) . (5.8) 

This is a standard matrix realization of 3D Minkowski space. The conformal trans- 
formation (15. 2p acts on x as follows: 

x' = {C + Dx){A + Bx)-^ . (5.9) 

The Poincare group corresponds to the subgroup of Sp(4, M) consisting of the matrices 

a = a^ e Mat(2, M) , Me SL(2, M) . (5.10) 



5.2 Bi-twistor realization 

We now describe an alternative, bi-twistor realization of M^. Let us denote by 
C the set of all non-zero real antisymmetric matrices = — which obey the 
algebraic constraints 

X^^^X^s] = , (5.11a) 

X^^r'X^^ = , (5.11b) 

J^^X^^ = 0. (5.11c) 

We introduce the quotient space Mg-p = £/ ~, where the equivalence relation is 
defined by 

X.^ ~ rX^^ , r GM-{0} . (5.12) 

The twistor and bi-twistor realizations are related to each other as follows: 

-X^^ '■= T^^Tj^ e^y , Efj^y = , £ 12 = 1 . (5.13) 
The proof is left to the reader as an exercise. 
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6 Compactified 3D Minkowski superspace 



Consider the graded symplectic metric on W^^-^ 











(6.i; 



The 3D A/'-extended superconformal group 0Sp(A/'|4, M) consists of supermatrices g 
of the form 



9 



A 


B 


C 


D 



9' 



sT 







B^ 





(6.2) 



Here the even matrices A, D and the odd matrix B have real matrix elements, while 
the odd matrix C has purely imaginary matrix elements. Supermatrices g of this 
type are called real, in accordance with 



The superconformal group 0Sp(A/'|4, M) naturally acts on supertwistor space 
spanned by elements of the form 





1 



A = a 
A = I 



(6.3) 



and endowed with the graded symplectic two-form ^ = ^J^^ ATb A <1Ta- This 
action preserves JT", and thus the symplectic inner product on M^l-^ defined by 



T\S)j ■.= T''JS = -{S\T)j 



-isT 



(6.4) 



with the graded symplectic matrix J defined in (16. ip . Any element T G M^'-^ is called 
an even real supertwistor. 

6.1 Supertwistor realization 

A Lagrangian subspace of M^'-^ is defined to be a maximal isotropic subspace of the 
supertwistor space [I5l. We denote by M^'^-'^ the space of all Lagrangian subspaces 
of M^l-'^. Given such a subspace, it is generated by two supertwistors such that 

(i) the bodies of ^ and ^ are linearly independent twistors; 

(ii) and obey the null condition 



{T'\T')j = 0; 



(6.5) 
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(iii) and are defined only modulo the equivalence relation 



R G GL(2,: 



(6.6) 



A dense open subset M^'^ of M^'^-^ consists of those Lagrangian subspaces which 
are described by supermatrices of the form 



Using the equivalence relation (16. 6p allows us to choose F = I2, and hence 



(6.7) 



6 1^ 



\ 



V iV2^/ J 



n2 Qcia 



(6.8) 



Here the bosonic and fermionic Of = 9j"' parameters are real. Therefore, the 
subset M3|2^ c WP\^^ introduced can be identified with R^l^-^. This subset is a 
transformation space of the 3D A/'-extended super- Poincare group, *P(3|A/'), which is 
a subgroup of the superconformal group 0Sp(A/'|2, M), eq. (16. 2p . spanned by group 
elements of the form: 



g = s(a,e) h{M) 





/ 


6 ^ 





\ 


s{a, e) = 










v 


1^2 e/ 





hj ) 





1 M 





^ 




h{M) = 





(M-i)T 





M G SL(2 




V 










(6.9a) 
(6.9b) 

(6.9c) 



In eq. ( I6.9bl) . the bosonic (a"^ = a'^") and fermionic (e/" = e"/ = e") parameters 
are real. Evaluating the action of ^(SjA/") on M^'^-^ shows that this space is 3D 
A^-extended Minkowski superspace. 



6.2 Bi-supertwistor realization 

We give an alternative, bi-supertwistor realization of compactified Minkowski su- 
perspace M^l^-^. In the space of all real graded antisymmetric matrices, Xab = 
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— {—ly^'^'^ X BA, we consider a surface £ consisting of those supermatrices which 
obey the algebraic constraints 

X[abXcd} = , (6.10a) 
{-iy^XAcJ''''XDB = , (6.10b) 
J^^Xab = 0, (6.10c) 

and satisfy the additional condition: for each supermatrix X G -2, the body of its 
bosonic block X^^ defined by 

X=(^"^^"M (6.11) 

is a non-zero antisymmetric 4x4 matrix. The supermatrix X must be real in the 
following sense [21] 

{XabT = {-IT^+'^+'^'^Xab . (6.12) 

It turns out that compactified Minkowski superspace can be identified with the quo- 
tient space Mg^'^ = £/ ~, where the equivalence relation is defined by 

Xab ~ tXab , reR-{0} . (6.13) 

The supertwistor and bi-supertwistor realizations are related to each other as 
follows: 

Xab '■= T A^T £^iv , ^fiu = —^vfi , £12 = —1 • (6.14) 

This can be proved in complete analogy with the four-dimensional case considered in 
section 3. 



In the Minkowski chart, choosing the gauge (16.80 gives 





/ 






iV2^aj 


\ 


Xab — 










V 








) 



(6.15) 
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7 Compactified A/^-extended harmonic/projective 
superspaces in three dimensions 



In [ini [15], new homogeneous spaces of the superconformal group 0Sp(A/'|2,M) 
were constructed that include M'^'^-^ as a submanifold. Their general structure is 
M3|2-^ X X^, where is a compact manifold, for any integer < m 
Such superspaces are nontrivial and have interesting applications for M > 2. The 
supertwistor formulation for M^'^-'^ x X;(^ given in [15] makes use of both even and 
odd supertwistors. An odd supertwistor looks like 



^a)= \ J] , e(SA) = 1 + (mod 2) . (7.1) 




This supertwistor is called real if all the components Syi are real. The super-transpose 
of S is defined to coincide with the ordinary transpose, 

S^^= (S^,S,) , (7.2) 

compare with eqs. (16.31) and (16.41) . Here we present a bi-supertwistor formulation for 
the superspaces M^'^ x X;^, but first we recall their supertwistor realization |15j . 

Along with the two linearly independent even real supertwistors and obey- 
ing the null condition (16. 5p . we also consider m odd comj)/ea; supertwistors S-, with 
i = 1, . . . ,m, such that (i) the bodies of Xl- are linearly independent; (ii) any linear 
combination of the supertwistors T'^ and E- is null, that is 

{T''\T'')j = {T''\'Ei)j = (S^IS^) J = . (7.3) 

The supertwistors and S- are defined modulo the equivalence relation 



(T'^,S^) ~ (T^S^ 














GGL(2|m,C), i? G GL(2,M) . (7.4) 



We emphasize that the fermionic B^- and bosonic Dj- matrix elements are complex. 
The space M^'^-'^ x X^ is defined to consist of the equivalence classes associated with 
all possible (T'^, S-) under the above conditions. 

It is necessary to point out two important features of the construction under 
consideration. Firstly, the invariant inner product { , )j possesses the property 

(ri|r2)j = -(-i)--(r2|ri)j, (7.5) 



-'As usual, the notation [Af/2] is used for the integer part oiJV/2. 
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where ei,2 denotes the Grassmann parity of Ti,2- Secondly, associated with the odd 
supertwistors S- = (S^-) are their complex conjugates S" = (S^-) which possess 
analogous properties 

(TnS^)j = (S^|S^)j = 0. (7.6) 
It can be seen that the 2m supertwistors S- and S- are linearly independent, 

det(S^|S^)j ^ . (7.7) 

We are prepared to introduce a bi-supertwistor realization for M^'^ x X^. It 
is given in terms of pairs {X ab,'^a-), where the bi-supertwistor Xab obeys the 
conditions formulated in subsection 16.21 As to the odd supertwistors S-, they must 
be such that (i) the body of the Af x m matrix S/^^ has rank m; and (ii) the null 
conditions hold 

(-I)^^X^bJ^^Sc^ = SsV^^XcA = , S^^J^^Ss^ = . (7.8) 

The superspace M^'^-^ x is obtained by factorizing the space of all such pairs 
{Xab, S^-) with respect to the equivalence relation 

{Xab,'^^) ~ {Xab,'Sa^ , (7.9a) 

where 

Xab = r Xab, r G R - {0} , (7.9b) 

= (-l)^^X^B J^^Hc^ + S^iD/ , D e GL(2, C) , (7.9c) 

where H- are two arbitrary odd supertwistors. This realization for M^'^-^ x X^ is 
clearly equivalent to the supertwistor one. 

8 Conclusion 

The bi-supertwistor realization for M^'^ is a natural supersymmetric extension 
of Dirac's projective lightcone construction for compactified Minkowski space. It was 
Ferrara [7] who posed the problem of developing such a supersymmetric extension 
back in 1974. The problem has finally been solved. The supertwistor realization for 
M^l^ can be viewed as a square root of the bi-supertwistor one. 

As shown in [12j (see also [SB]) the bi-supertwistor realization for M"^'^ allows one 
to derive compact expressions for certain correlation functions in A/" = 1 supercon- 
formal field theories. The adequate superspace setting for A/" = 2 supersymmetric 
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theories is known to be not the conventional Minkowski superspace M^'^, but rather 
its harmonic/pro jective extension M^'^ x CP^. We beheve that the bi-supertwistor 
reahzation for M.^^^ x CP^ proposed in section 4 will be useful for (i) the calculation 
of correlation functions in A/" = 2 superconformal field theories; and (ii) the construc- 
tion of a manifestly SU(2, 2|2) invariant formulation for A/" = 2 superconformal field 
theories (compare, e.g., with non-supersymmetric approaches [391 HQ]). The supercon- 
formal Fourier expansion (14. lip is expected to be especially important in this context. 
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A Spinors in 4 + 2 dimensions 

In this appendix we collect the salient information about spinors in 4 + 2 dimen- 
sions. A similar discussion can be found, e.g., in [9]. 

The gamma matrices in 4 + 2 dimensions. Fa, obey the anti-commutation relations 
{Fa, FJ = -2r],f^ls , Vai = diag(-l, +1, +1, +1, +1, -1) (A.l) 
and can be chosen to look like 

where the 4x4 matrices Sa and Sa have the explicit form 

Ea = (Ea, Eg, Eg) = (i7a, 75, 14) = (Sa)^^ , (A.3a) 
Ea = (Sa, E5, Eg) = (-i7a, -75, 14) = (Sa)^'^ • (A.3b) 

Here ja are the gamma matrices in 3 + 1 dimensions, and 75 := — i7o7i7273- Our 
choice of 7a coincides with that adopted in [HI |2l], specifically 

where 

era = (I2, a) = (aa)„. , a, = (I2, -ff) = (<?«)"" • (A.5) 
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The matrices (]A.3|) obey the relations 

SaS^ + S^Sa = -2r/,gl4 , SaS^ + S^Sa = -2r]^il4 • (A.6) 
For the matrix Tj := — irorir2r3r5re we obtain 

The Dirac spinor representation of the double covering group of S0o(4, 2) is gen- 
erated by 

where 

■■= -^(SaSs - SsSa) = (Sas)<i^ , (A.9a) 
S,^ := -^(SaS^ - SgSa) ^ (S^^f ^ ■ (A.9b) 

The matrices S-g are the generators of the group SU(2,2) defined by f l2.9p . The 
following isomorphism holds: SOo(4,2) ^ SU(2,2)/Z2. 

The Hermitian conjugation properties of the gamma matrices are 

(ra)t = ror6raror6 , (A.io) 



hence 



This implies 



and hence 



(^a6)^ = Tore ;!aS Tore , (A.ll) 



(Sa)^ = 7oSa7o , (Sa)^ = 7oSa7o , (A.12) 



(S,g)t = -7oSas7o , (^as)^ = 7oSaS7o • (A.13) 

It can be seen that 70 coincides with the matrix Q in eqs. (12. 7p and (12. 9p . 
Given a Dirac spinor 
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its Dirac conjugate is defined as follows: 

*" := -i^troFe = (^Wo, -0Wo) , V^Wo = i^) , <Pho = (4) • (A- 15) 
The infinitesimal S0(4, 2) transformation laws of these spinors are: 

5*= ^c^-^^s*, (A.16a) 

= -1*0;'^%^ . (A.16b) 

The Dirac spinor representation is a sum of two irreducible ones, one of which is the 
twistor representation and the second is equivalent to its dual (contragredient). The 
twistor representation is associated with spinors of the form 

such that Fy^L = ^l- The Dirac conjugate of ^'l, 

*"l = (V^,0), V^:=^S = (^") (A.18) 

transforms according to the dual twistor representation. The infinitesimal S0(4, 2) 
transformation laws of ^'l and ^'l are: 

Si;^ = , (A.19a) 

6r = . (A. 19b) 

Explicit calculations give 
1 



la;»V„6 - rl2 


-i6V, 




Itu^^aab + rl2 



(A.20) 



where the parameters r = a" = ^{u""^ — w"^) and b"' = ^{u°'^ + cu"^) generate 

a dilatation, a space-time transaction and a special conformal transformation respec- 
tively. As usual, the 2x2 matrices aab and dab denote the Lorentz generators of the 
(1/2, 0) and (0,1/2) representations of the Lorentz group in four dimensions [21], 



C^ab ■= --{ora(^b - (^b(^a) , (^ab ■= - ^{cTaCTb ~ CTbf^a) ■ (A.21) 

Since the matrices Fa and —Tj constitute two representations of the same Clifford 
algebra, eq. (lA.ll) . and these representations are necessarily equivalent, we have 

C-^FaC = -FT , (A.22) 
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hence 

for some charge conjugation matrix C It can be chosen as 

75C\ _ / 
-75C J ~ \€^^ 

with C the charge conjugation matrix in 3 + 1 dimensions, which 
and can be chosen as 

Using the properties — — —C — gives 
The inverse of €. is 



(c-^k'^ 

Since £ is symmetric, it holds that 

Given a Dirac spinor ^, its charge conjugate spinor defined by 



transforms as a Dirac spinor. 



5*, = ^a;«''OaS*£ ■ 



The transformation laws of * and show that 
transforms as a dual twistor, while 
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transforms as a twistor. This means that the matrices (1A.29P are invariant tensors 
of SU(2, 2) which can be used to convert all underlined twistor indices, a, /3, . . . , into 
twistor indices, d, /3, . . . , and therefore to completely get rid of the former. 

The sigma matrices with twistor indices are 

(Sa)^^ := {T.aU€L^ , {taf^ := {(T^f^Jj:^)!^ . (A.34) 

Since (Vd'^)^ = — Fa^, these matrices are antisymmetric, 

(Sa),^ = -(Sa)^^ , {t,r^ = ~{t,Y^ . (A.35) 

The matrices (Sa)^^ and (Sa)"'' obey the relations flA.6p . The following completeness 
relations hold: 

l^^^d^r' = , (A.36a) 

l£'^^^^(Sa)^^ = (tT^ , (A.36b) 

li^n^^i^^hs = ^s.Ms ■ (A-36C) 

There is a one-to-one correspondence between complex vectors in 4 + 2 dimensions 
V"" and bi-twistors V^^ = — Vg^ or V"'^ = ^^"^^'^V^^- It is described by the relations 

V,^ = V\J:,),^ , V' = \{tr% , (A.37a) 
ya^ = V%t^)^^ , = ^(Ea)^V^^ . (A.37b) 

It is convenient to use the matrix notation V := (V^^) and V := (V^^). If V"' is the 
complex conjugate of V^, then the corresponding bi-twistor matrices V := (y"^) and 
V := (V^^) are related to each other as in f l2.2ip . Finally, if V is real, then V = V. 
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